We derived a non-linear 4 th -order ordinary differential equation the solutions of which lead to the exact shapes of the cantilever beam. The result of the equation in a non-dimensional form was found to depend on two parameters only: the angle of the beam at the fixed end, and the parameter encompassing the material characteristics and geometry of the beam. The parameter space was explored in detail and the results were used to suggest the areas in which they could be applied.
Introduction
Cantilever is a homogeneous beam with one fixed end and one free end. In most practical applications it is attached horizontally to a vertical wall, allowed to bend under self-weight. Typical examples include steel beam as a part of a steel structure during construction of a high building, and the advancing part of a bridge while it is being built. [1, 2, 3] Lately, there have also been reports of its usage in nano-technology. [4, 5, 6] Theoretical results for a cantilever shape can be obtained analytically by solving the EulerBernoulli equation, or numerically by means of discretization of the beam domain, using finite elements method. [7] Both approaches have a drawback: the solutions of Euler-Bernoulli equation are valid only for small deflections, and the solutions with finite elements method require considerable resources in computational time, computational space, and programming skills.
In this article we present derivation of an ordinary non-linear differential equation of the fourth order, whose solution describes the shape of the cantilever. We believe the procedure of obtaining the solution fits in between the two methods mentioned above. Firstly, the solution of the equation gives the stationary shape of a cantilever for (almost arbitrary) large deflections, and secondly, the solution is a result of a relatively simple, rather old, and widely accessible numerical algorithm.
In the first part we show how the governing fourth order differential equation is derived from second order Lagrangian for a one-dimensional structure with constant bending coefficient. The potential energy of the structure consists of a bending part, proportional to the curvature, and gravitational part. Minimization of the potential energy according to the calculus of variations leads to the governing equation. We compare its solution with Euler-Bernoulli solution in terms of the height of the free end of horizontally fixed beam. Because we introduce non-dimensional parameters, the shape of an arbitrary cantilever depends on two parameters only: its angle at the fixed end, ϕ(0), and e = ρSgL 3 /EI. In the Results section we present two families of shapes in regard to the angle ϕ(0), and the geometrical properties of the free end as functions of both e and ϕ(0). Possible applications of the solution can be found in Discussion.
Theory
A cantilever beam in this paper is a thin homogeneous beam of length L, fixed at one end, but otherwise free to bend under its self-weight. The shape of the beam shall be given as a function y(x), where x is horizontal and y is vertical component of the points on the beam (gravity points in −y direction). We choose the origin of the coordinate system (x, y) at the fixed point of the beam, as shown in Fig. 1 . The potential energy for a beam of a given shape y(x) is a sum of a bending part and a gravitational part [8] , or
where κ is a bending coefficient in units Jm,l is an independent variable running along the beam from the fixed point atl = 0 to the free end atl = L in units of length,
is a curvature of the beam atl in units m −1 , ρ l is a mass per unit length in units kg/m, and y(l) is a height of a beam point atl. In curvature C(l) symbols y and y denote first and second derivatives of y(x) with respect to the independent variable x.
After we perform the substitutions y → Ly, x → Lx, dl 2 = L 2 dt 2 = dx 2 + dy 2 , and e = ρ l gL 3 /κ, the curvature changes into:
and the potential energy can be expressed in a more convenient form:
The system reaches the stable equilibrium when potential energy is minimal, or when Lagrangian function
solves the equation
For L in Eq. (2) and the Euler-Lagrange Eq. (3) we derive the governing differential equation for y(t) that reads:
The range of the independent variable is t ∈ [0, 1]. The non-dimensional co-ordinate y is computed directly from Eq. (4), while for x we make use ofẋ = 1 −ẏ 2 . In mechanics, it is common to use Young modulus E and second moment of the area I, and not bending constant κ, like we did so far. Conversion of constants, that leads to E and I in place of e, is performed by combining three equations: the first one involves moment and curvature C(l) = M (l)/(EI), the second and the third equation are equations for potential energy,
It follows that the bending coefficient κ equals a product of Young modulus E and second moment of area I, e.g. κ = EI. The dimensionless parameter e can now be expressed as
where ρ is mass density of the material, and S is area of the cross section. The Eq. (4) 
Results
The boundary conditions of the beam areẏ(0) = cos ϕ(0) at the fixed end, andÿ(1) = 0 and ... y (1) = 0 at the free end. After we choose y(1) andẏ(1), the integration of the differential equation Eq. (4) is performed numerically backwards from t = 1 to t = 0. On completion, the resulting function is shifted by (x(0), y(0)), so that the shape matches the geometry on Fig. 1 with x(0) = y(0) = 0. One could compute the shape of the beam starting from y(0) = 0 andẏ(0) and integrate Eq. (4) while aiming for prescribed boundary conditions at t = 1, but we presumed such procedure is less accurate and more time consuming, and was therefore not implemented. Whenẏ(0) is prescribed instead ofẏ(1), we use bisection algorithm with = 10 −12 to achieve the appropriate solution.
Integration of differential equation Eq. (4) is done numerically. Due to singularity atẏ = 1 the integrator, in our case octave's lsode with stiff method [9, 10] 
where c = cos ϕ(0) =ỹ (0). Let (X,Ỹ ) = (1,ỹ(1)) denote the co-ordinates of the cantilever free end obtained as a solution of the E-B equation, and let (X, Y ) = (x(1), y(1)) denote the co-ordinates of the cantilever free end as a result of Eq. (4). The comparison ofỸ and Y for c = 0 and a chosen set of parameters e is shown in Table 1 . 
Discussion
Besides the obvious application of Eq. (4) where the shape of the cantilever beam is calculated from the geometry and the material parameters, e.g. (ρ, g, L, E, I) → e → (x, y), the exact solution of the equation is also suitable to solve inverse problems. Since the shape of the beam is defined by e, we may use the shape to get an estimation about any missing parameters in e, or (x, y) ρ, g, L, E, I ). This discussion is dedicated mainly to two such examples. The first elaborates an idea about a robust large-scale thermometer on the basis of temperature Table 2 : Characteristic dimensions for three typical cross sections of cantilever: circular, cylindrical hollow, and rectangular. These are given for eight values of parameter e, three lengths L, and three different materials that are linear over large range of strains, where C-fiber is an abbreviation for a carbon fiber. The material parameters used in the table are as follows: for carbon fiber ρ = 1800 kg/m 3 and E = 300 GPa, for glass ρ = 2203 kg/m 3 and E = 70 GPa, and for steel ρ = 7680 kg/m 3 and E = 200 GPa.
dependence of the Young modulus E, and the second presents a procedure for determination of the cross section of a cantilever beam in case when the cross section can not be determined otherwise. The experimental evidence shows [12, 13] the Young modulus E is inversely proportional to the temperature. In this example we consider a type of steel for which E in the temperature range from −200
• C to 800
• C changes monotonously and approximately linearly from 210 GPa to 130 GPa. In Fig. 4 we see that the height of the free end of the beam Y is the most suitable candidate due to its largest and monotonous changes as a function of e. We make use of this fact at cos ϕ(0) = 0.8, where the effect is emphasized between e(Y = 0.5) ≈ 4 and e(Y = 0.0) ≈ 8. Let us take a steel beam of circular cross section with diameter 1 mm and E = 200 GPa. We get e = 4 when the length of the beam is L = 0.85 m. Assuming the changes are linear, the rate of change in Y as a function of temperature is ∆y · L/∆T ≈ 0.5 · 0.85/1000 ≈ 0.4 mm/K. Such a thermometer is suitable for detecting changes in temperatures of order 100 K, and is usable also outside the temperature range stated above. The results of the shape and height of the free end Y are sketched on Fig. 4 . For such measuring system to be of practical use one should choose a cantilever beam whose material and geometrical properties have no hysteresis: the reversible changes in temperature should give reversible changes of e, and consequently reversible changes in the shape.
As another application of the cantilever beam equation consider a task of finding the inner diameter of a long flagpole of a circular shape. In accordance with definition of the parameters in Table 2 , the parameter we seek in this task is k, a quotient of the inner diameter and the outer diameter. The parameter k is in the range [0, 1]: for a non-hollow flagpole k = 0 and for a flagpole made of a very thin walls k → 1. Apart from the inner diameter, other geometrical and all the material properties of the flagpole are known. The flagpole is made of steel with ρ = 7680 kg/m 3 and E = 200 GPa, the outer diameter is D = 50 mm, and the length of the pole is L = 12 m. We assume the flagpole can be seen and/or photographed, so from the shape of the flagpole we find its initial angle is ϕ 0 ≈ 18
• , measured from the vertical direction, and the tilt of the tip is estimated to be α ≈ 7
• . From ϕ 0 and α, and by considering Fig. 4 (lower right) we find e(ϕ 0 , α) ≈ 3. For a circular hollow beam I = πD 4 (1−k 4 )/64 and S = πD 2 (1−k 2 )/4. These give I/S = D 2 (1+k 2 )/16, and from Eq. (5) we obtain I/S = ρgL 3 /Ee. Combined together, these equations give:
In estimation of the error we assume that all the quantities except angles were measured with an accuracy of 0.1 % or better, so their contribution to the overall error in k is neglected. The errors in the measurements of the angles ϕ 0 and α are assumed to be at most ±2%. We have used the angles to obtain an estimation of e, so Fig. 4 is used again to give an estimation of the error in e imated to at most ±5%, or e = 3 · (1 ± 0.06). From Eq. (6) we get ∂k ∂e
where λ = 16ρgL 3 /ED 2 . In our case λ ≈ 4.2 and e = 3, so ∆k ≈ −0.371 · ∆e. The procedure gives for the lower and the upper estimates of k values 0.623 ± 0.02226, or 0.623 · (1 ± 0.04). Our calculation suggests that the flagpole is a hollow cylinder with inner radius of 31.15 mm.
As there are not many linear materials that give considerably deflected shapes, like those for e ≥ 2, the beam shape can be used to determine the material of a beam by finding best approximation for ρ/E from e. In theory, a cantilever beam could be used as a sensor of gravity, too. For a given beam the parameter e on the Moon is six times smaller than e on the Earth, so the change in the shape according to Fig. 4 can be vast for e ∈ [1, 10]. But we believe there are better ways of doing it.
Finally, we emphasize the cubic dependence of e upon L. This means that any errors in L have triple impact on our computational results when compared to errors in ρ, E, or I. However, because the shape of the cantilever has the highest sensitivity to the changes in the length of the beam, it could help determine the length scale of the image of a cantilever we are looking at. Between the everyday construction business in scale of meters and nano-technology with scale of micrometers there are six orders of magnitude difference, so in terms of the parameter e there are eighteen. The whole variety of the shapes of the cantilever from stiff to severely bent are achieved within four orders of magnitude of the parameter e.
